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We are also interested in the service and how it
is provided, and the associated operational
efficiency (queueing analysis).

But...for now
Only look at the arrival process

And how it evolves from a schedule



Start with a simple deterministic model
of an appointment arrival process

And investigate how realistic it is.

For our example, the evidence indicates that
the data are neither consistent with the
deterministic model nor an NHPP.

We have developed new models.



Deterministic Appointment Model

e Often Involving a computerized appointment system
* Batches of B customers arrive every T minutes

— Batch j arrives at time (j-1) T

— Total of v batches

— Daily Total Number of arrivals: N=v 3

— Total Time: T=(v-1)t

o
-

2T 3t time



Random Schedule and Deviations From It

 Random Filling of Schedule over Time

 Random No Shows on the day
* Extra Unscheduled Arrivals

e Random Lateness or Earliness
So...

Is a deterministic model appropriate?
Or... Is an NHPP appropriate?

No, we need something else.



DATA
Endocrinology Clinic
Samsung Medical Center, Seoul, Korea

Endocrinology: deals with the endocrine system
(glands which excrete hormones into the blood stream)

Three Months: 7/1/2013-9/30/2013
Appointments to see one of 16 doctors
Outpatient only (within one day)

39,253 entries

— Scheduled day and time (by 10 minutes), when schedule
made

— Schedule evolves over time, including on the target day

— Define “the schedule” as determined at the end of the
previous day

— 27800 show up, 8500 cancel in advance, 3000 no shows



62 days

448 x 62

Actual Daily Arrivals

14 weeks, 7/1 to 9/30

27,800
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(Standard Deviation if Poisson is (448)Y/2 = 21)



Number of people scheduled for that day
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Number of people scheduled for that day

Evolution of the Schedule for Dr. 5
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The schedule evolves over time.

About 25% set the last two weeks

About 55% determined 2-13 weeks in
advance (many at about 3 months)

About 20% determined more than 13 in
advance.



Focus on ONE DOCTOR:
Doctor 9

22 morning shifts
3:00am-1:00pm



Daily totals for Dr. 9: 22 am shifts (top), 22 pm shifts (bottom)
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Evolution of the Schedule for Dr. 9 Over a Year: 22 am shifts

# people scheduled

B D I I I I I I I I I I

70 .

60 - g

—
' _J I—J

Jan Feb Mar Apr May Jun Jul Aug Sep Oct
Date

10



% people scheduled

When the Schedule Is Made: Number of Days Before
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# people scheduled — first visit onlhy

Evolution of
Schedule for
First Visits
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Let the schedule be defined by its state at
the end of the previous day.

The schedule: Batches B,; scheduled to arrive in
slot j at time (j-1)t

No shows B, ;

Additional unscheduled arrivals Buj
(scheduled on the same day)

(not counting deviations: earliness or lateness)

16



Schedule for Doctor 9 for 22 Morning Shifts

time slot 22 days in July-October 2013 Avg War WVar/Avg
T:50 o o o o o O © oo o o o o o o 0o o O O O o O 0000
2:00 o o o o 0 0 1 1 1 0 1 o o o0 1 o o o 0o o0 1 1 | 032 023 0.71
2:10 o o o 0o 0O 0 0 1 o o o o o o O O O O 0 0 O 0 |005 005 1.00
2:20 o o o o o o © o o o o 0o O o O O O O 0o 0 O 0000
2:30 o o o o o o0 © o o o o 0o o0 o O O O O O 0o 0o 0|000
8:40 o o o o o o o o o o o0 0o 0 O 0o o O O 0o 0o 0 0000
TRIED T T T T T3 T4 T4 3 a4 241 3 T4 7T T4 F 204 54 3|34 1300 D3R
S:00 3 4 2 3 3 2 3 3 3 3 3 2 2 2 2 3 4 3 2 3 4 2| 277 047 0.17
G:10 3 3 3 2 2 2 4 2 2 3 2 3 2 3 3 3 2 2 3 2 3 3| 259 035 013
G20 2 2 4 2 3 2 3 2 2 3 3 3 2 3 2 3 3 3 i 2 3 2 | 259 035 013
0:30 3 2 3 4 3 i o4 3 3 3 3 3 1 3 2z 2 2 2 3 3 3 3| 277 047 0.17
G40 3 3 3 2 2 2 2 3 3 2 2 3 2 3 2 2 2 2 3 2 2 2| 236 024 0.10
Q:50 3 3 3 i 2 3 i 3 3 3 3 2 2 3 3 i 3 3 2 2 3 3| 277 Q18 0.07
10:00 3 2 3 i 2 3 2 3 2 3 3 3 3 3 3 i 4 4 3 3 3 3| 291 028 0.10
10:10 3 3 3 i 3 3 i 3 2 2 3 3 3 3 3 i 3 3 i 3 3 3| 291 009 0.03
10:20 2 3 3 i 3 3 i 2 3 3 2 3 3 3 3 2 3 2 3 4 3 3 | 282 0.25 0.09
10:30 3 2 3 3 3 2 4 2 3 2 3 3 3 3 3 2 3 3 2 4 3 3 | 282 0.35 012
10:40 3 1 3 i 3 1 i 2 3 2 3 3 2 3 2 1 3 2 3 3 3 2 | 245 Q.55 0.22
10:50 2 3 3 3 1 2 3 2 3 3 3 2 3 3 3 3 3 3 2 3 3 3| 268 032 012
11:00 3 2 3 2 3 2 3 2 2 4 4 4 2 3 3 3 3 3 3 4 3 4295 052 0.18
11:10 3 3 3 1 3 3 i 3 2 3 3 2 3 2 1 i 2 3 3 3 3 3| 264 043 016
11:20 2 3 3 i 3 3 i 3 3 3 3 3 i 2 2 3 3 3 i 3 3 4291 018 0.06
11:30 3 3 2 3 3 3 i 3 3 3 3 3 3 3 3 i 3 2 2 2 3 2| 277 Q18 0.07
11:40 3 2 3 i 2 3 i 3 3 1 2 3 i 2 3 i 3 3 i 3 2 3| 268 032 012
11:50 3 3 3 3 3 2 2 3 3 2 3 2 4 3 3 3 2 2 3 3 1 3| 268 042 016
12:00 2 3 3 2 3 i 4 3 3 2 3 3 3 3 3 i 3 3 2 2 3 4|28 031 0.11
12:10 3 3 3 2 3 3 2 3 2 3 3 2 3 3 4 3 1 2 3 2 3 3| 268 042 016
12:20 2 4 3 2 3 3 3 3 4 3 3 3 3 2 2 3 1 3 1 4 3 3| 277 Deo 0.24
12:30 |2 1 0 O O 3 3 3 3 2 2 2 2 3 3 3 2 4 3 1 2 3|[214 127 05
12:40 o o o 0o 0o 2 2 4 3 0o 3 2 1 2 3 i 4 2 3 0 0O 3 1.e2 213 1.27
12:50 o o o 0o 0O 0 0 1 4 o o 0 O 3 4 0O 2 0 4 0 0 4| 100 267 2.67
13:00 1 o 0o 0 1 o o0 o o o0 o O O ©o O O o o 0 0 O O|009 009 0.95
Daily Total 63 62 67 59 61 62 73 70 72 59 69 64 59 70 68 67 68 64 69 66 67 756609 2132 0.32
[8:50, 12:20] Total e el 67 59 o0 57 67 60 61 57 63 60 56 62 57 61l o0 58 59 65 od o4 |60.82 977 016
All slot avg 20 20 22 19 20 20 24 23 23 19 22 21 19 23 22 22 22 21 22 21 22 24| 207 173 0.84
All slot var 1.5 19 22 19 1.8 1.5 1.8 1.3 1.5 17 1.5 1.5 16 1.5 1.3 17 1.8 1.6 16 2.2 1.8 16 (across all days)
All slot varfavg 07 1.0 1.0 1.0 09 08 08 06 06 09 07 07 08 06 06 08 08 08 07 1.1 08 07
[2:50, 12:20] avg 27 28 3.0 27 27 26 3.0 27 28 26 29 27 25 28 26 28 27T 2o 27 30 29 29| 276 042 0.15
[8:50, 12:20] var 02 06 0.3 05 04 04 04 03 04 05 02 03 05 03 04 04 07 03 04 07 04 04 (across all days)
[8:50, 12:20] varfavg | 0.1 0.2 0.1 0.2 0.1 02 0.1 0.1 0.1 02 01 01 02 0.1 02 0.1 03 01 0.2 0.2 0.1 0.1

1/



A High-Demand Service System
with Overloaded and At-Capacity Days

Distribution of Batch Size B, in the Main interval [8:50,12:20]

P(B: = k)
number k 1 2 3 4 5
10 at-capacity days | 0.04 025 063 0.07 0.01
12 overloaded days | 0.02 0.27 0.63 0.08
All days 003 0260 063 008 0.004

Distribution of Number After the Main interval, N,

P(N, = k)

0 1 2 3 4 3 6 7 8 9 10
0.30 020 030 0.10 0.10

0.25 0.17 0.25 0.33
0.14 0.09 014 005 005 014 0.09 0.14 0.18




No-Shows for Doctor 9 for 22 Morning Shifts

time slot 22 days in July-October 2013 Avg Var Var/Avg
T:50 o o o o © o0 o o O O O ©o O0 O O O o O 0O 0 0 0 |000

8:00 o o o 0o 0 0 1 1 1 0 1 o o o 1 o o o o o 1 1 |032 023 071
8:10 o o o o o©© o o 1 o o o © o0 O 0 O O O 0O O O O0|005 005 1.00
8:20 o o o o © o0 o o O O O ©o O0 O O O o O 0O 0 0 0 |000

8:30 o o o o o o0 o 0o O O O O 0 O 0 O O O 0 0 0 0 ]|000

8:40 o o o o o© o o o o0 O O O© 0 O O O O O O O 0 0 ]|0.00

s&:ts0 7 |10 © 1 o 00 F 00D 0O OO O 0 D D 0 0 0O 0O 0 T1|0230228 1737
S:00 o 1 0 1 o o o 0 0 1 o o o o o0 0 O O O 1 O 0 |018 Lie .86
S:10 o 0 0 1 o o 2 0 0 0 1 o 1 o o o 0o 1 o 0 o0 0027 030 1.11
9:20 o o o o o 0 O 0 0O 0 0o 1 o o 2 0 0 1 o 0 o0 0 |018 025 1.38
9:30 o o o0 2 0 0 1 1 o 0 o o © ©O0 O O O O 0 O 0 O0|018 025 1.38
S:40 a o0 2 0o o0 0 o 0 0 0 0 1 o o o o0 o 0o O 0 0 1 (018 025 1.38
S:50 o o o o © o0 o o O O O ©o O0 O O O o O 0O 0 0 0 |000

10:00 o o0 o o o 0 O 0 0 1 o 2 1 o 0 0 1 o 1 o 0 0 |027 0.30 1.11
10:10 o 0 0 1 o o o 1 0 0 1 1 o 0o 0 0 1 o o0 o 2 0 |032 032 1.01
10:20 o o 1 1 o o o 0 1 o o 1 o o o 0 o o 1 o 0o 0O |023 018 081
10:30 o o0 o o o 0 0 1 1 o o o 0 0o 1 o o o 0 o 1 0 (018 O.le 0.86
10:40 o 1 o o o 0 O 0 0 O 1 o o o 0o 0 0 1 0 1 0O 1 ]023 L1828 0381
10:50 o o 1 o o 1 1 o 0o o o ©O0 O 1 o o0 o o o 0 0 2 (027 030 1.11
11:00 o 0 0O 1 1 o 0o 0o o0 1 1 o 1 o o 1 o 0o 0 1 0O 0 |032 023 071
11:10 o o o o o o0 o 0 O O O O 0o 0o 0 1 o 0o 1 1 O 1 |018 Lie 086
11:20 o o o o o 1 o o o 0 o0 1 o o 1 0 1 o 0 1 0O 0 ]|023 L1828 081
11:30 o o o o o 0 O 0 O 0o 0o 1 1 o o 1 1 1 o 0 0 0|023 0LIE 081
11:40 o o 1 o 0o 0 1 1 1 o o o 0 O 0 O O 0O O 1 0 0 ]023 L18  081
11:50 o o o o o o0 o 0 O 0o O O 0 o 0o 1 0o 1 1 o 0 0O |014 012 090
12:00 o o 1 o 0o 0 1 o 1 1 0o 1 2 0 0 1 2 0 0 0 1 1 |0.55 045 083
12:10 o o o o o© o0 o o0 O O O O 0 O 0 O O 0o O 1 0 0 |0.05 0.05 1.00
12:20 1 o o o o o 0o 0 0o O o 1 o o o o0 o o o 0 0 0O[009 009 0095
12:30 |06 o O o O O 1 1 o ©O 1 O 0 0o O O O O O ©0 0 0|D14 012 090
12:40 o o o o o 0 O 0o O O O O 0 1 o o0 o o o 0 0 1 |009% 009 095
12:50 o o o o oo o0 o o O O O O 0 o 0 O O 0o 0 0 0 1 |005 005 1.00
13:00 1 o 0 0 1 o o o o o o o© o0 o 0 0O O O O 0O 0 O (009 009 095
Daily Total 3 2 © & 2 2 1W0 7 5 4 6 10 &6 2 5 5 6 5 4 7 5 100|545 6.35 1.17
[8:50, 12:20] Total 2 2 6 8 1 2 8 4 4 4 4 10 6 1 4 5 e 5 4 T 4 7 [473 564 1.19
All slot avg 20 20 22 1.9 20 20 24 23 23 19 22 21 19 23 22 22 22 21 22 21 22 24|0.17 0.17 1.00
All slot var 1.5 1.9 22 19 1.8 1.5 1.8 1.3 1.5 1.7 1.5 15 16 1.5 1.3 1.7 18 16 1l 22 1.8 1.6 (across all days)
All slot varfavg 07 1.0 1.0 1.0 09 08 08 06 06 09 07 07 08 06 06 08 08 08 07 1.1 OB 07

[8:50, 12:20] aveg 207 28 3.0 27 27 26 3.0 27 28 26 29 27 25 28 26 28 27 2o 27 3.0 29 29[0.21 0.21] 0.98
[8:50, 12:20] var 0.2 06 03 05 04 04 04 03 04 05 02 03 05 03 04 04 07 03 04 07 04 04| (across all days)
[8:50, 12:20] vav/avg (0.1 0.2 0.1 02 01 02 01 01 0.1 02 01 01 02 0.1 0.2 01 03 01 02 02 0.1 0.1




Unscheduled Arrivals for Doctor 9 on the 22 Morning Shifts
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Daily Totals

N, = number scheduled, N, = number arrived
N, = number no-shows, N, = number unscheduled

Full am shift: N,.= N_- N +N,
E[N.] =66.1, E[N, ] =5.5,E[N,] = 2.0, E[N,] = 62.6
Var(N,) =21.9 >Var(N,) = 17.4

Dispersion: D = Var/Mean
D .=21.9/66.1=0.33,D,=17.4/62.6 =0.278

Main time interval [8:50, 12:20]:

E[N.] = 60.8 while Var(N,) =9.8

21



View of Daily Totals

With appointments: Not constant, but predictable variability,
so Under-Dispersion
(less variable than Poisson: D=V/M = 0.3 < 1)

With Call Centers: often strong day-to-day variation,
so Over-Dispersion
(more variable than Poisson: D=V/M >1)

22



Random Earliness or Lateness

Let X be the amount of time late.
Let F(t) = P(X < t) be the cdf.
(X < 0 means arrive early)



Average numbers for Dr. 9 in each 30-minute subinterval

within the main time interval [8:50,12:20]

Interval Avg # Scheduled % No-show % Late % (Late>>15 min)
8:50,9:20) 8.8+0.7 79148  21.2+69 123455
9:20,9:50) 1.7£0.5 69146  16.7%6.1 4834
9:50, 10:20) 8.6+04 68144  15.0£67 6.4x34
10:20, 10:50) 8.1£0.6 79432  17.6£5.0 3.322.9
10:50, 11:20) 8.3£0.5 0.0£3.9  13.6+44 3439
11:20, 11:50) 8.4+0.3 79+£37  104%47 3.9=3.0
11:50,12:20) 8.2+0.5 9.3£4.1 0.5=54 3.823.5
8:50, 12:20) 58.0x1.3 8.0x1.7  15.0£L5 3.8x1.6

24



F(X)

Dr. 9: Lateness empirical cdf’s in each 30-minute interval

1 | "—r..
— — — [8:50, 9:20) J
[9:20, 9:50)
0.8 | reveeeeree [9:50, 10:20) _
————— [10:20, 10:50)
— — —[10:50, 11:20)
061 [11:20, 11:50) |
R [ [11:50, 12:20)
04 _
0.2 _
0
240 N

X (minutes)
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Within the Day
Conditional on the daily total

If there is significant variability due to no shows and lateness,
Then the arrival process may be NHPP within the day,
conditional on the daily total.

[Key math: generalization of conditional uniform property]

Appointments might be like call centers in that way.

Even though daily totals are very different.

26



Appointment arrival data passed the KS
Tests of NHPP when viewed properly.

Next Move to the arrival rate function



Overall Arrival Process Model

Daily Totals : Binomial or Gaussian with given mean and
variance

Within the day, conditional on the daily total:
NHPP with deterministic rate

28



Average in each 10-min interval

Average number of patients scheduled for Dr. 9
in each ten-minute interval of the 22 am shifts
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Average number of patient arrivals for Dr. 9
in each ten-minute interval of the 22 am shifts
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